Abstract-This paper presents a 3D path following control scheme for a class of torpedo-type autonomous underwater vehicles (AUVs) with uncertainty terms in their dynamics. For this kind of torpedo-type AUVs, there are only three control inputs, surge force, pitch and yaw moments, available for the vehicles' 6DOF 3D underwater motions. Therefore, it's a typical underactuated system. To tackle the 3D path following problem for this underactuated system, in this paper, we first introduce certain two spherical coordinate transformations so as to transform the vehicle's kinematics and dynamics model into three-inputs-three-outputs 2 nd order strict-feedback form. Then, to avoid possible singularity problem in the recursive control design for this strict-feedback form of system, a similar asymptotic modification of orientation concept as in [1] is applied. In the case of uncertainty terms in the vehicle's dynamics, the proposed path following scheme can guarantee the uniformly ultimately boundedness (UUB) of closed-loop system in the spherical coordinate frame.
I. INTRODUCTION
In the past decades, torpedo-type AUV has become one of most practically applied vehicle type in the underwater technology area. For this kind of vehicle, in order to maximize its high speed dynamics, usually there is only one thruster mounted at the rear end of the vehicle, and one rudder and one stern plane are used to handle the vehicle's yaw and pitch motions. Therefore, from control point of view, this is a typical underactuated system.
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Shuo Li is with the Shenyang Institute of Automation, the Chinese Academy of Sciences, 114 Nanta Street, Shenhe District, Shenyang, China. quite a number of research works have been done to tackle the tracking problem for surface ship which is another typical underactuated system [1] , [5~13] . According to different choice options for reference heading, these tracking methods can be divided into two types: path tracking and path following. For path tracking, the reference heading is independent to the ship's current position and attitude [1] , [5] , [7, 8] , [11] , while it is chosen as the azimuth of target point from the ship in the case of path following [6] , [9, 10] , [12] , [13] .
In this paper, we will extend the result of [1] , where 2D path tracking of surface ship is considered, into the case of 3D path following for underactuated underwater vehicles. Instead of two polar coordinate transformations, in this paper, we introduce certain two spherical coordinate transformations. Using these coordinate transformations, we can transform the vehicle's path following model into a three-inputs-threeoutputs strict-feedback form. For this strict-feedback form of nonlinear system, to avoid possible singularity problem in the backstepping control design process, certain asymptotic modification of orientation concept similar to [1] in applied. Proposed path following scheme can guarantee the UUB of closed-loop system in the spherical coordinate frames.
II. PROBLEM PRELIMINARIES

A. AUV Model
In practice, for most of underwater vehicles including AUVs, their gravity centre is usually designed to be much lower than the buoyancy centre. This kind of structural feature usually guarantees the vehicle's roll motion stability. Under this consideration, in this paper, we ignore the vehicle's roll dynamics. And the AUV's kinematics and dynamics can be simplified as following For torpedo-type AUVs, their pitch and yaw moments are proportional to the square of vehicle's forward speed u [14] . If the vehicle takes too slow or even zero speed, then we cannot properly handle the vehicle's pitch and yaw motions. From control point of view, to take these three control inputs as independent ones 1 , we have to force the vehicle to take considerable magnitude of forward speed. On the other hand, from (1), we can see that if 2 / π θ ± = , there is singularity problem. In the remainder of this paper, we make the following assumption on the vehicle's motion.
Since 0 > u , a θ and a ψ are both well defined in the domain 1 In fact, these three control inputs cannot be fully independent. However, in certain bounded domain, for example, in its high forward speed motion, we can roughly take the pitch and yaw moments only depend on the rudder and stern plane angles.
Using spherical coordinate ) , , (
, the vehicle's kinematics can be rewritten as following
Given a reference path
through (5) . In this paper, the given reference path is embodies using spherical coordinates. For a given reference path )
, now we introduce another spherical coordinate transformation as following . However, it will be seen in the later that this kind of singularity problem does not do any effect on the calculation of following control laws proposed in the paper.
Similar with (4), time derivative of e r can be written as
Substituting (5) into (7), we have
C. Control Problem
Consider the kinematics of path following error as in (8) . It is easy to see that if we directly take l u as a virtual control input [16] , then certain singularity problem might be occurred in the case of ) cos( cos cos
Under this consideration, in this paper, we take
This is the reason why we call it path following instead of path tracking. However, reference pitch angle ld θ will be chosen independent of the vehicle's current position and attitude. 
Considering the first two terms in the right side of (9), it is the similar case as in [1] 
As aforementioned,
, then x cos is strictly increasing. And in the case of ) 2 / , 0 [ π x ∈ , x cos is strictly decreasing. Therefore, the second term in the right side of (12) is always non-position. Also, it is not difficult to verify that the first term of right side of (12) 
where
, and
III. CONTROL DESIGN
It is easy to see that (13) and (14) are in the second order strict-feedback form. However, due to possible singularity problem in the case of 0 sin sin cos cos cos
we will do somewhat modification to the well-known general backstepping method [16] .
Step 1. As aforementioned, the control objective of this paper is to steer the vehicle to asymptotically track ) , , ( 
Using the definition of previously introduced spherical coordinate transformation (3), (16) 
According to (18), in the first step we choose the following control laws 
Also, in (19)~(21), ) (⋅ ζ satisfies the following proposition. 
